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We introduce a comprehensive numerical framework to generically infer the emergent macroscopic properties
of uniaxial nematic and cholesteric phases from that of their microscopic constituent mesogens. This approach,
based on the full numerical resolution of the Poniewierski-Stecki equations in the weak chirality limit, may
expediently handle a wide range of particle models through the use of Monte-Carlo sampling for all virial-type
integrals. Its predictions in terms of equilibrium cholesteric structures are found to be in excellent agreement
with previous full-functional descriptions, thereby demonstrating the quantitative validity of the perturbative
treatment of chirality for pitch lengths as short as a few dozen particle diameters. Furthermore, the use of the
full angle-dependent virial coefficients in the Onsager-Parsons-Lee formalism increases its numerical efficiency
by several orders of magnitude over that of these previous methods. The comparison of our results with
numerical simulations however reveals some shortcomings of the Parsons-Lee approximation for systems of
strongly non-convex particles, notwithstanding the accurate inclusion of their full effective molecular volume.
Further potential limitations of our theory in terms of phase symmetry assumptions are also examined, and
prospective directions for future improvements discussed.
I. INTRODUCTION
Liquid crystals (LCs) are a fascinating example of self-
assembling soft-matter systems, characterised by the sin-
gular coexistence of long-range order and fluidity. These
organised phases typically arise from a specific set of
structural and chemical features displayed by their con-
stituent particles,1 the most notable of which being shape
anisotropy. In other words, these particles are elongated
along one or more directions, and therefore generally pos-
sess both a long and a short axis — respectively defined
as the directions of maximum and minimum extent of
their molecular backbone.
A remarkable consequence of this microscopic
anisotropy is the wealth of symmetry-breaking transi-
tions involved in LC phase-ordering kinetics, as not only
the positions, but also the orientations of the molecules
may display long-range correlations.1 Therefore, LCs are
characterised by a degree of orientational order, po-
tentially associated with a form of positional organisa-
tion — leading to an impressive variety of macroscopic
structures.2 Understanding the link between this range of
phase symmetries and the underlying properties of their
constituent particles has remained a long-standing chal-
lenge of soft-condensed matter theory.3
The simplest example of LC assembly is the so-called
uniaxial nematic phase, in which one of the molecular
axes points on average in a particular direction called the
nematic director, denoted by n, while retaining fluid-like
positional disorder. The resulting phases may then be
qualified as prolate or oblate, respectively referring to the
local orientational order of the particle long or short axes.
This structural anisotropy bestows upon nematic LCs a
strong optical birefringence,4 much like regular uniaxial
crystals, along with unique electrical5 and rheological6
properties. In the absence of external aligning forces, the
director generally fluctuates throughout the sample, and
is therefore usually referred to as a director field n(r),
with r the spatial coordinate vector.
An intriguing special case of this spatial modulation
corresponds to the cholesteric phase, typically formed by
systems of chiral particles, in which n(r) periodically ro-
tates along an axis normal to the local director, as illus-
trated in Fig. 1. Hence, cholesteric LCs are commonly
described in terms of a single lengthscale P — termed the
cholesteric pitch — defined as the spatial period of the
director rotation, and fully characterising their macro-
scopic structure.
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FIG. 1. Particle and phase chirality in cholesterics. (a) Ex-
ample of a calamitic (i.e. rodlike) chiral mesogen with long
axis u. (b) Sketch of a prolate cholesteric phase of axis ex,
director field n and pitch P.
As the earliest LC phase to be identified experimen-
tally in 1888,7 cholesterics boast a remarkably long his-
tory along with a rich array of applications; the most
notable example indubitably lies in the twisted nematic
cell, which underpins the vast majority of modern LC
FIG. 1. Particle and phase chirality in cholesterics. (a) Ex-
ample of a calamitic (i.e. rodlike) chiral mesogen with long
axis u. (b) Sketch of a prolate cholesteric phase of axis ex,
director field n and pitch P.
As the earliest LC phase to be identified experimen-
tally in 1888,7 cholesterics boast a remarkably long his-
tory along with a rich array of applications; the most no-
table example indubitably lies in the twisted nematic cell,
ar
X
iv
:1
70
2.
06
37
7v
4 
 [c
on
d-
ma
t.s
of
t] 
 20
 M
ay
 20
18
2which single-handedly triggered the advent of modern LC
display technology.8 However, an impressive variety of
further uses of cholesteric systems have been proposed in
recent years, ranging from physical9 and chemical10 sen-
sors to surface-morphing applications,11 including the de-
sign of tunable-wavelength lasers12 and core-sheath fibers
for smart textiles.13
Their original observation in cholesterol derivatives
marked the discovery of the thermotropic class of LCs,
in which phase transitions are governed by tempera-
ture variations. However, lyotropic cholesteric phases,
in which transitions are mostly ruled by mesogen con-
centration, are also commonly observed in many bio-
colloidal14–21 and polymer22–24 solutions. A fundamental
feature of both systems is the high sensitivity of the pitch
P to the chemical structure and thermodynamic state of
their constituent particles, which provides the basis for
many of the above applications; the nature of this intri-
cate dependence has been intensively investigated exper-
imentally over the last decades in a number of different
contexts.25–32
Conversely, theoretical and numerical descriptions of
the cholesteric phase have long been hampered by
both the complexity of the microscopic chiral interac-
tions and the multi-scale nature of the problem, as
cholesteric pitches measured experimentally are usually
several orders of magnitudes larger than typical par-
ticle sizes.1 This large spatial periodicity renders di-
rect atomistic simulations largely impractical, due to
both the substantial size of the simulation boxes re-
quired and the unsuitability of standard periodic bound-
ary conditions.33 Furthermore, the quick escalation of
computational costs with increasing particle aspect ra-
tios largely restricts their applicability to systems of
short, highly chiral particles — in stark contrast with the
properties of many experimentally-relevant cholesteric
mesogens.15,16,26–29,34,35
The majority of theoretical attempts to overcome these
limitations have thus chosen to follow in the footsteps
of Onsager,36 whose seminal microscopic description of
the nematic state provides a natural framework to in-
vestigate the self-assembly of highly anisotropic par-
ticles. This original approach, which prefigures the
modern formulation of classical density functional the-
ory (DFT),37 has been successfully used to predict the
isotropic-nematic (I-N) phase transition of a number of
experimental systems,38–41 and was subsequently gener-
alised to the cholesteric phase by Straley42 in the limit
of weak chirality.
However, most implementations of Straley’s theory
have so far been limited by stringent analytical assump-
tions to highly simplified particle models, in which a
number of further ad hoc approximations had to be intro-
duced for the tractable inclusion of chiral contributions in
the virial formalism of the extended Onsager theory.43–51
Some numerical attempts to tackle more realistic sys-
tems — including both steric and soft repulsion — rep-
resented significant steps forward, but were still hindered
by a cumbersome mathematical formalism and numerical
procedure.52–54 In particular, their recourse to the par-
tial decomposition of the particle density field in a basis
of rotational invariants significantly limited both their
computational efficiency and numerical precision due to
potential finite-order truncation effects.55
A notable exception to the previous pattern lies in
the recent works of Belli et al.,56,57 in which a unified
framework capable of handling arbitrarily complex par-
ticle shapes and interaction potentials independent of
Straley’s perturbative description was introduced. This
approach, based on the use of Monte-Carlo (MC) in-
tegration for the computation of all generalised virial
coefficients, however suffers from two major drawbacks.
Firstly, it requires the evaluation of the full chiral free
energy landscape of the molecules using a finite grid of
macroscopic pitches, leading to high computational costs
along with discretisation effects stemming from the lim-
ited grid resolution. Secondly, the reliable calculation
of equilibrium pitches typically requires several prelimi-
nary runs in order to narrow down the pitch grid to the
relevant parameter range, further increasing its compu-
tational expense.
On these premises, we here aim to make progress to-
wards an efficient, quantitatively reliable theoretical de-
scription of the cholesteric structure and underlying ne-
matic properties of systems of arbitrary particles. Com-
bining the numerical integration techniques of Refs. 56
and 57 with Straley’s perturbative framework42 enables
us to circumvent the limitations of previous approaches,
and allows for the expedient computation of all relevant
variables with an adjustable level of precision for a wide
variety of particle models. Furthermore, the relative sim-
plicity of the corresponding mathematical expressions
lends itself to a thorough examination of the different
physical assumptions underpinning the DFT formalism,
and of their potential shortcomings in the case of chiral
nematic phases.
The structure of the paper is thus organised as follows.
In order that the origin of the potential shortcomings of
the theory can be fully understood, we first provide in
Sec. II a comprehensive account of the theory and numer-
ical implementation, focussing on the physical nature of
the approximations that are being made. Specifically, we
outline in Sec. II A the original Onsager DFT for nematic
LCs, with a particular emphasis on phase symmetry as-
sumptions, and focus in Sec. II B on the approximations
relative to the treatment of correlations between finite-
size particles. We tackle in Sec. II C the applications of
the theory to the microscopic determination of LC elas-
ticities, which are intimately linked to the perturbative
treatment of chirality in cholesterics, before detailing the
computational procedure used in Sec. II D. We then de-
vote Sec. III to the extensive comparison of our results
to previous numerical and theoretical studies of several
model systems, and discuss potential deficiencies of the
different density-functional assumptions stemming from
both particle non-convexity and phase biaxiality. We fi-
3nally conclude in Sec. IV with a few remarks on the pos-
sible consequences of these shortcomings on the general
reliability of our approach, and highlight some prospec-
tive directions for future research.
II. MICROSCOPIC THEORY OF LIQUID-CRYSTAL
ELASTICITIES
We here choose to model cholesterics as weakly dis-
torted uniaxial nematic phases, whose bulk free ener-
gies are typically described at the continuum level by
the standard Oseen-Frank field functional58
F =F0 +
1
2
ˆ
V
dr×
{
K1 (∇ · n)2 +K2 (n · [∇× n])2
+K3 (n× [∇× n])2 + 2kt (n · [∇× n])
}
(1)
with kbT the thermal energy and V the total volume of
the sample. F0 corresponds to the free energy density of
the uniformly aligned nematic phase, and kt is a chiral
strength parameter which vanishes in the case of achiral
mesogens. K1, K2 and K3 are referred to as the Frank
elastic constants, and quantify the respective free energy
penalties associated with splay, twist and bend deforma-
tion modes of the local director field.1 It should be noted
that this compact expression derives from a finite-order
truncation of the free energy gradient expansion, and is
therefore only valid in the limit of long-wavelength di-
rector fluctuations — an assumption consistent with the
characteristically large values of experimental cholesteric
pitches.25–32
Eq. (1) thus provides a natural theoretical frame-
work for the description of smoothly modulated nematic
phases, and has been successfully used in recent years
for the analytical59,60 and numerical59,61 modelling of a
number of experimentally-relevant systems. However, its
main shortcoming lies in the coarse-graining of all bulk
particle properties into the three Ki scalars — under-
stood as free parameters arising from basic mean-field
symmetries, and often taken to be equal for the sake
of simplicity.1 In order to provide a full quantitative,
bottom-up description of nematic liquid crystals, it is
therefore desirable to derive microscopic expressions for
these Frank elastic constants, and thus provide a link
between mesogen characteristics and phase properties in
such self-assembled systems.
A typical starting point for this analysis, as first pro-
posed in Straley’s pioneering work,42 lies in the molecular
description of the free energyF0 of the reference uniform
nematic state. The first tractable expression for this free
energy was reported by Onsager36 for generic systems
of highly anisotropic particles and forms the basis of his
classical density functional theory, which we outline in
the next section.
A. The Onsager DFT for uniaxial LCs
The original formulation of the Onsager DFT aims
to quantify the onset of macroscopic nematic order in
terms of competing entropic contributions at the micro-
scopic level.36 Similarly to other DFT approaches,62 its
starting point lies in the derivation of the free energy of
the system as a functional of the mesoscopically-averaged
single-particle density ρ(r,R), defined as the number of
particles at position r with orientation R per unit vol-
ume and solid angle. R is generally represented by a full
3 × 3 rotation matrix, which we choose to parametrise
in the z-y-z convention using the three Euler angles α, θ
and φ, as depicted in Fig. 1a. In the special case of uni-
axial calamitic particles, the internal rotational degree of
freedom α becomes irrelevant, and the symmetries of the
system are fully captured by the respective polar and az-
imuthal angles θ and φ, defining the orientation vector u
of the particle long axis.
Analogously, in the case of prolate uniaxial phases, in-
ternal particle angles α do not display long-range cor-
relations, and the macroscopic structure of the sample
is thus entirely characterised by the spatial distribution
of the long axes of its constituent particles. The corre-
sponding density field hence reduces to
ρ(r,R) = ρ(r,u). (2)
Furthermore, owing to the lack of positional order in ne-
matic LCs, the number of particles per unit volume is
often taken to be spatially uniform within the sample,
which yields the following marginal normalisation con-
straint:˛
dR× ρ(r,u) = 2pi
˛
du× ρ(r,u) = N
V
∀r ∈ V (3)
with N the total number of particles in the system. De-
noting this uniform number density by ρ ≡ N/V , the
density field of a bulk nematic phase with director n then
takes the general form49
ρ(r,u) = ρ× ψ [n(r) · u] (4)
with ψ [n(r) · u] the so-called orientation distribution
function (ODF), which quantifies the probability of find-
ing a particle at point r with its long axis borne by u with
respect to the local director n(r). Note that ansatz (4)
further reduces the orientational dependence of the den-
sity field to the single scalar n(r)·u, and thereby assumes
that the system retains local cylindrical invariance.42
This symmetry constraint thus restricts its applicability
to the description of weakly distorted nematic phases,
consistent with the Frank-Oseen perturbative framework
introduced above.
Following in the footsteps of Onsager, let us first con-
sider the case of a spatially uniform director field n0,
which we define as the z-axis of our reference frame
n(r) = n0 ≡ ez ∀r ∈ V. (5)
4Eq. (4) then reduces to
ρ(r,u) = ρ(u) = ρ× ψ (cos θ) (6)
with θ the particle polar angle as defined in Fig. 1a. The
free energy of the system can then be cast in the usual
form36
F∞0 [ρ] = F
∞
0 [ψ] = Fid[ψ] +F
∞
ex [ψ], (7)
where the subscript 0 denotes the total free energy of the
undeformed phase, and Fid and F∞ex its respective ideal
and excess components,
βFid[ψ]
V
= ρ(log ρ− 1) + 4pi2ρ
ˆ pi
0
dθ
× sin θ log
{
ψ(cos θ)
}
ψ(cos θ),
(8)
βF∞ex [ψ]
V
=− ρ
2
2V
¨
V
dr1dr2
‹
dR1dR2
× f(r12,R1,R2)ψ(n1 · u1)ψ(n2 · u2)
(9)
with r1 and r2 the respective positions of the particle
centers of mass, r12 ≡ r2 − r1 and
ni · ui ≡ n(ri) · ui = cos θi ∀i ∈ J1, 2K. (10)
The ideal free energy (Eq. (8)) corresponds to the free en-
ergy of an ideal gas of anisotropic particles with uniform
density ρ, whose two terms can be interpreted as the
respective contributions of translational and rotational
entropy. The excess free energy (Eq. (9)) stems from
the truncation of the Mayer cluster expansion63 at the
second-virial level, which as discussed in the next section
is only exact in the limit of infinitely thin particles,36
and is hence denoted by an ∞ superscript. It accounts
for microscopic interactions in the pairwise additive ap-
proximation through the so-called Mayer f -function63
f(r12,R1,R2) = exp
{
− βU(r12,R1,R2)
}
− 1 (11)
with β the inverse thermal energy and U the particle
pairwise potential.
It can then be proven that the equilibrium ODF ψ
(ρ)
eq
that minimises the nematic free energy (Eq. (7)) at fixed
density ρ satisfies the following self-consistent equation:
ψ(ρ)eq (cos θ) =
1
Z
× exp
{
− ρ
4pi2
ˆ pi
0
dθ′
× sin θ′E
∞(θ, θ′) + E∞(θ′, θ)
2
ψ(ρ)eq (cos θ
′)
}
(12)
with E the orientation-dependent second-virial
coefficient56
E∞(θ1, θ2) =−
ˆ
V
dr12
¨ 2pi
0
dα1dα2
¨ 2pi
0
dφ1dφ2
× f(r12,R1,R2)
(13)
and Z a normalisation constant ensuring that Eq. (3) is
satisfied, namely,
Z = 4pi2
ˆ pi
0
dθ × sin θ × ψ(ρ)eq (cos θ). (14)
Note that in the case of monodisperse systems of iden-
tical molecules, it follows from the invariance of the in-
teraction potential with respect to particle exchange that
E∞(θ1, θ2) = E∞(θ2, θ1). We however choose to keep the
explicit symmetric dependence of Eq. (12) on E∞ for rea-
sons of numerical convergence, as this form provides an
effective average over the non-diagonal coefficients of E∞
obtained using the computational procedure introduced
in Sec. II D.
Eqs. (6) and (12) thus fully describe the equilibrium
structure of a nematic LC at any given density ρ. How-
ever, this original form of the Onsager DFT is restricted
by geometrical assumptions to infinitely thin particles
and uniform director fields, and is therefore of limited
practical relevance. We hence devote the next two sec-
tions to a thorough, though non-exhaustive, overview of
subsequent attempts to overcome both these limitations.
B. Introducing finite mesogen anisotropy
The main difficulty in dealing with finite-size particles
lies in the need to go beyond the second-virial approxi-
mation, as the relative weight of higher order contribu-
tions rapidly increases with decreasing aspect ratios;64
the Onsager theory has thus been found to be quantita-
tively inaccurate for systems with aspect ratios of up to
100.65 Therefore, several improvements have been pro-
posed in the last decades to extend this framework to a
wider class of experimentally-realistic mesogens.
While some studies chose to explicitly include the third
and higher order virial terms in the excess free energy ex-
pansion (Eq. (9)), the quickly escalating computational
complexity of such approaches with increasing truncation
order largely restricts their applicability to highly simpli-
fied particle models.66 Furthermore, evidence of the de-
creased radius of convergence of the virial series for highly
anisotropic mesogens may paradoxically limit their nu-
merical stability range to regions of lower density,67 and
even prevent the prediction of a stable nematic phase al-
together for aspect ratios as low as 10 as one pushes the
expansion beyond the third order in ρ.68
A somewhat orthogonal approach is to forego this
virial formalism as a starting point, and instead exploit
the more general relation between excess free energy
and inter-particle correlations in the density functional
framework,69 which in our case takes the form
δ2βFex[ψ]
δψ(n1 · u1)δψ(n2 · u2)
∣∣∣∣∣
ρψ
= −ρ2×c(2)(r12,R1,R2; [ρψ])
(15)
5using the notation of Sec. II A. c(2) is known as the
two-particle direct correlation function (DCF), and cor-
responds to the “direct” component of the usual pair
correlation function (PCF), omitting indirect contribu-
tions stemming from mutual correlations with neighbour-
ing particles. In the low-density limit, this DCF can be
shown to reduce to the Mayer f -function (Eq. (11))70
lim
ρ→0
c(2)(r12,R1,R2; [ρψ]) = f(r12,R1,R2). (16)
However, this equality once again falters in the case of
particles with a lower aspect ratio, for which the onset of
liquid-crystalline order occurs at higher mesogen concen-
trations. In the general case, the exact relation between
DCF, director profile and excess free energy at given uni-
form density ρ can be obtained from Eq. (15) by double
functional integration,
βFex[ψ]
V
=− ρ
2
2V
¨
V
dr1dr2
‹
dR1dR2
× c(2)(r12,R1,R2; [ρψ])ψ(n1 · u1)ψ(n2 · u2)
(17)
with c(2) the DCF integrated along a compression path
from a reference state with particle density ρ = 0,70
c(2)(r12,R1,R2; [ρψ]) = 2
ˆ 1
0
dλ
ˆ λ
0
dλ′
× c(2)(r12,R1,R2; [λ′ × ρψ]).
(18)
Note that plugging Eq. (16) into Eq. (18) yields the
density-functional equivalent of the second-virial approx-
imation
c(2)(r12,R1,R2; [ρψ]) ' f(r12,R1,R2) (19)
which reduces Eq. (17) to the Onsager excess free energy
(Eq. (9)). Hence, Eqs. (17) and (18) render the accuracy
of the excess free energy functional purely contingent on
that of the underlying DCF for systems of arbitrarily
anisotropic particles.
While good approximations for the DCF of spheri-
cal particle fluids have been obtained by directly solv-
ing the Ornstein-Zernike equation using various closure
relations,71,72 the extra orientational degrees of free-
dom render this process mostly intractable when par-
ticle anisotropy is introduced.70 A number of recent ef-
forts to derive closed-form expressions for the excess free
energy and associated DCF of anisotropic systems have
thus resorted to first-principle geometric considerations
instead, on the basis of Rosenfeld’s original fundamen-
tal measure theory (FMT) for hard spheres.73 Although
FMT presumably provides a good description of the DCF
spatial-orientational coupling, such approaches are un-
fortunately limited by construction to convex particle
models74 and are not naturally suited for the treatment
of soft interaction potentials.75
Another class of approaches revolve around the deriva-
tion of ad hoc approximate expressions for these quan-
tities by remapping either the relevant DCF or ex-
cess free energy to those of the well-characterised hard-
sphere fluid.70 A significant number of such methods
rely on the so-called decoupling approximation, in which
inter-particle correlations are accounted for via simplified
ansa¨tze of the form
c(2)(r12,R1,R2; [ρψ]) = c(2)ref
{ ‖r12‖
σ(u12,R1,R2) ; ρ
}
(20)
irrespective of ψ, with ‖·‖ the Euclidean norm and
u12 ≡ r12/‖r12‖. c(2)ref then corresponds to a heuristic
DCF inferred from that of a reference hard-sphere sys-
tem at the same density ρ, either explicitly through the
use of a closure relation as first proposed by Pynn76 and
Wulf,77 or implicitly from the corresponding virial expan-
sion as suggested independently by Parsons78 and Lee.79
In this framework, particle anisotropy is introduced solely
through the orientation-dependent distance of nearest
approach between two particles σ(u12,R1,R2). In the
case of purely hard interactions, Eqs. (17) and (18) then
lead to effective expressions for c(2) of the general form
c(2)(r12,R1,R2; [ρψ]) = G(ρvref)× f(r12,R1,R2) (21)
with vref the molecular volume of the reference hard-
sphere fluid, which may a priori differ from that of the
anisotropic particles considered, as discussed in Sec. II D.
In the general case, the effective volume fraction ηref of
the reference system is thus linked to that of the physi-
cal system with molecular volume v at identical number
density ρ through the relation
η
(ρ)
ref ≡ ρvref = η(ρ) ×
vref
v
. (22)
The density-dependent prefactor G is then related to
the compressibility factor of the chosen reference frame-
work — namely, the Percus-Yevick free energy71,80 in
the Pynn-Wulf (PW) approximation, and the Carnahan-
Starling equation of state81 in the Parsons-Lee (PL) ap-
proach. The respective corresponding expressions for G
read as70
GPW(η) =
3/4− 3η/8
(1− η)2 −
ln(1− η)
4η
, (23)
GPL(η) =
1− 3η/4
(1− η)2 (24)
which both trivially satisfy
lim
η→0
G(η) = 1. (25)
Hence, Eq. (21) simply reduces to the second-virial ap-
proximation Eq. (19) in the low-density limit.
In the following, we choose to account for finite
particle anisostropy through the Parsons-Lee formal-
ism (Eq. (24)), due to both its simplicity and well-
documented success in describing the nematic behaviour
6of a wide range of hard82,83 and soft84 particle models;
however, most of the methods described in the next sec-
tions are easily generalisable to other theoretical frame-
works. Plugging Eq. (21) into Eq. (17) then yields the
relevant excess free energy and angle-dependent virial co-
efficient as simple rescaled forms of their respective On-
sager expressions Eqs. (9) and (13),
Fex[ψ] = GPL
(
η
(ρ)
ref
)
×F∞ex [ψ], (26)
E(θ1, θ2) = GPL
(
η
(ρ)
ref
)
× E∞(θ1, θ2), (27)
and the equilibrium properties of the system may be fully
determined by substituting Eq. (26) for F∞ex in the total
free energy (Eq. (7)),
F0[ψ] = Fid[ψ] +GPL
(
η
(ρ)
ref
)
×F∞ex [ψ] (28)
and Eq. (27) for E∞ in the self-consistent Eq. (12),
ψ(ρ)eq (cos θ) =
1
Z
× exp
{
−GPL
(
η
(ρ)
ref
)
× ρ
4pi2
ˆ pi
0
dθ′
× sin θ′E
∞(θ, θ′) + E∞(θ′, θ)
2
ψ(ρ)eq (cos θ
′)
}
.
(29)
We conclude this section by remarking that compu-
tational methods for inferring accurate DCFs from the
PCFs measured in direct molecular simulations have also
been proposed,85 and that Eq. (17) thus conceptually en-
ables one to calculate the “exact” excess free energy of
bulk nematic phases for a wide range of particle models
by simply plugging the corresponding numerical DCFs
into Eq. (18). Although the appeal of such a prospect is
undeniable, its practical applicability is greatly hindered
by the functional dependence of the DCF on the nematic
density field (Eq. (4)), as c(2) needs to be numerically
evaluated for all density distributions along the integra-
tion path (Eq. (18)). A useful approximation may there-
fore be borrowed from the DFT of simple fluids by in-
voking linear response theory in the limit of weakly non-
uniform systems, which using our notations yields86,87
c(2)(r12,R1,R2; [ρψ]) ' c(2)(r12,R1,R2; [ρψ]). (30)
While the validity of the assumptions underlying
Eq. (30), which in our case amount to treating the ne-
matic phase as a weakly disturbed isotropic liquid, is
clearly questionable, this relation provides a simple and
direct way to check the effective correlations derived from
the previous theories Eqs. (21)–(24) against the numer-
ical DCFs predicted by simulations88 in the vicinity of
the I-N transition, and is worth keeping in mind for the
assessment of future theoretical developments.
C. Introducing weak nematic fluctuations
The inclusion of weak director fluctuations in the pre-
vious framework as first proposed by Straley42 relies on
the two following related assumptions, both typical of a
perturbative treatment: (i) that the degree of local or-
der is identical in the distorted and undistorted phases, so
that c(2) and ψ may be taken as equal in both systems,
and (ii) that the wavevectors q of the director spatial
fluctuations are small, so that the Frank free energy ex-
pansion Eq. (1) is well defined. On the basis of these
two hypotheses, a general microscopic description of the
Frank elastic constants can be straightforwardly derived
within the density functional framework of the previous
section; the resulting set of expressions are collectively
known as the Poniewierski-Stecki equations:89
βK1[ψ] =
ρ2
2
ˆ
V
dr12
‹
dR1dR2
× c(2)(r12,R1,R2; [ρψ])ψ˙(u1z)ψ˙(u2z)r2xu1xu2x
(31)
βK2[ψ] =
ρ2
2
ˆ
V
dr12
‹
dR1dR2
× c(2)(r12,R1,R2; [ρψ])ψ˙(u1z)ψ˙(u2z)r2xu1yu2y
(32)
βK3[ψ] =
ρ2
2
ˆ
V
dr12
‹
dR1dR2
× c(2)(r12,R1,R2; [ρψ])ψ˙(u1z)ψ˙(u2z)r2zu1xu2x
(33)
which in the case of chiral particles can easily be sup-
plemented by a fourth equation for the chiral strength
parameter:
βkt[ψ] =− ρ
2
2
ˆ
V
dr12
‹
dR1dR2
× c(2)(r12,R1,R2; [ρψ])ψ(u1z)ψ˙(u2z)rxu2y
(34)
with rj = r12·ej and uij = ui·ej . It is worth emphasising
that Eqs. (31)–(34) can be single-handedly inferred from
Eq. (15) using solely the two previous assumptions, and
are therefore not contingent on a particular expression
for the nematic free energy.
In our case, this formulation is unfortunately of lit-
tle use as the Parsons-Lee theory does not provide an
explicit expression for the two-particle DCF c(2). There-
fore, a more practical derivation may be obtained by fol-
lowing Ref. 49 and explicitly performing the Taylor ex-
pansion of the distorted free energyF around that of the
undistorted phase (Eq. (28)). Using standard expressions
for the different nematic deformation modes90 along with
the two above assumptions enables one to readily recover
the Poniewierski-Stecki equations from Eqs. (9) and (28),
with the effective DCF
c(2)(r12,R1,R2; [ρψ]) = G
(
η
(ρ)
ref
)
× f(r12,R1,R2) (35)
7which interestingly corresponds to the first-order term of
the DCF obtained through different arguments by So-
moza and Tarazona for hard spherocylinders,91 as dis-
cussed further in Sec. III B.
We here briefly outline this derivation in the case of a
cholesteric distortion, and refer the interested reader to
Ref. 49 for the more detailed calculations. The director
field then exhibits a helical modulation described by the
simple expression
n(r) = (0,− sin qrx, cos qrx) = (0,−qrx, 1) +O(q2),
(36)
where we used the conventions of Fig. 1b along with as-
sumption (ii), ensuring that q > 0 corresponds to a right-
handed phase. Eq. (36) then trivially leads to
n · [∇× n] = −q +O(q2), (37)
n× [∇× n] = O(q2), (38)
∇ · n = 0. (39)
Following the previous procedure, plugging Eq. (36) into
the Onsager excess free energy (Eq. (9)) and expanding
the ODF up to order 2 in q allows one to recast the
equilibrium free energy (Eq. (28)) in the form49
F [ψ
(ρ)
eq ]
V
=
F0[ψ
(ρ)
eq ]
V
− kt[ψ(ρ)eq ]q +K2[ψ(ρ)eq ]
q2
2
+O(q3)
(40)
which by term-to-term comparison with Eq. (1) yields
Eqs. (32) and (34) along with the effective DCF
(Eq. (35)). Similar calculations using the correspond-
ing distorted director fields lead to the other two elastic
constants,90 with the notable difference that the linear
terms of the associated free energy expansions vanish for
non-polar mesogens.1
Assumption (i) further ensures that the equilibrium
ODF ψ
(ρ)
eq of the cholesteric phase is still given by Eq. (29)
irrespective of q, so that the equilibrium pitch Peq min-
imising the distorted free energy (Eq. (40)) at given den-
sity ρ is fully determined by
Peq(ρ) = 2pi
qeq(ρ)
= 2pi × K2[ψ
(ρ)
eq ]
kt[ψ
(ρ)
eq ]
(41)
which quantifies the competition between the chiral
torque kt, favoring a locally-twisted phase, and the
Frank twist elastic constant K2, aiming to restore local
alignment.42
It should be noted that this perturbative treatment
of chirality — along with most discussions of this pa-
per — is based on a uniaxial ansatz (Eq. (6)) for the
nematic density field, which assumes a uniform distribu-
tion of particle angles α and φ within any mesoscopic
sample of the system. This hypothesis thus precludes
any long-range orientational order for the particle short
axes, and therefore dictates that phase chirality arise
solely from short-range correlations prescribed by the
DCF (Eq. (35)). While consistent with our weak de-
formation framework, this conjecture is hard to justify a
priori for systems of chiral particles and may adversely
affect the reliability of the theory for cholesteric phases,
as discussed in Sec. III C. We however leave these con-
siderations aside for now in order to facilitate the com-
parison of our results with previous theoretical studies,
in which similar symmetry assumptions were used.
D. Numerical procedure
We now move on to more practical considerations,
and outline the general numerical methods used to in-
fer the equilibrium properties of chiral nematic phases
from that of their arbitrary constituent molecules in our
density functional framework. Following the consider-
ations of Secs. II B and II C, we hence consider from
here onwards systems described by the uniaxial Onsager-
Parsons-Lee equilibrium ODF ψ
(ρ)
eq (Eq. (29)), and intro-
duce the shorthand
X (ρ) ≡X [ψ(ρ)eq ] (42)
for all functionalsX of the nematic density distribution.
The working principle of our algorithm can then be
summarised as follows.
(i) We start by numerically integrating the angle-
dependent virial coefficient E(θ1, θ2) (Eq. (27)) for
the chosen particle model using a discrete grid for
polar angles θ ∈ [0, pi[.
(ii) E is subsequently plugged into Eq. (29), which is
solved self-consistently using a standard iterative
scheme92 to compute the equilibrium ODF ψ
(ρ)
eq for
a given value of ρ.
(iii) ψ
(ρ)
eq is then plugged into Eqs. (31)–(34) to work out
Ki(ρ) and kt(ρ) for i ∈ J1, 3K by further numerical
integration.
(iv) The equilibrium pitch Peq of the system at the cho-
sen density ρ is finally given by Eq. (41).
The most computationally-intensive elements of this
approach correspond to steps (i) and (iii), in which func-
tionals of the microscopic interaction potential have to be
integrated over the two-particle excluded volume mani-
fold for the chosen mesogen model. Due to the high di-
mensionality of this manifold, we chose to follow the lead
of Ref. 56 and compute these integrals using stochas-
tic sampling methods, yielding the further advantage of
trivial parallelization; the details of this numerical pro-
cedure may be found in Ref. 57. We further emphasise
that this implementation allows for the full evaluation of
the angle-dependant ODF ψ
(ρ)
eq (θ), rather than its partial
projection on a basis of Wigner D-matrices.52,54 The cur-
rent approach is thus both more efficient and not subject
to truncation errors.
In the following, we refer to the number of MC integra-
tion steps used in both stage (i) and stage (iii) by NMC,
and use a finite grid of fixed size Nθ = 250 for polar an-
gles θ. The statistical errors of all relevant variables are
8hence entirely controlled by NMC, which can be tuned as
required to achieve the desired numerical accuracy.
We remark that this numerical framework is particu-
larly well-suited for the study of lyotropic liquid crystals,
as the second-virial coefficient E∞ defined in Eq. (13)
is generally independent of particle density. Therefore,
the full concentration dependence of the ODF in the
Parsons-Lee description may be worked out from Eq. (29)
with minimal numerical effort using a single computa-
tion of the virial integral (Eq. (13)). Nevertheless, all
of our previous discussions remain conceptually valid in
the case of thermotropic liquid crystals, and our method
may therefore also be applied to the investigation of ther-
motropic self-assembly by evaluating the temperature de-
pendence of E∞. An important caveat however lies in the
limited aspect ratios of most experimental thermotropic
mesogens, which may require a more accurate descrip-
tion of inter-particle correlations beyond the decoupling
approximation.93 We thus largely restrict our focus to
lyotropic LC phases in the rest of this paper.
Importantly, it should be noted that solving Eq. (29) in
the PL framework at step (ii) requires a preliminary eval-
uation of the molecular volume vref of the reference hard-
sphere system in order to work out η
(ρ)
ref from Eq. (22).
A number of previous studies obtained good agreement
with simulation data for hard convex particles by using
the original formulation of the PL theory, which simply
amounts to setting vref = v in Eqs. (22), (28) and (29).
However, this assumption has been found to lead to sig-
nificant underestimations of the osmotic pressure for sys-
tems of non-convex particles.94 A simple explanation for
this discrepancy may be provided by invoking the con-
cept of effective molecular volume,95 which we introduce
below.
Let Ω ≡ V × SO(3) be the total configuration space
accessible to the particles, with SO(3) the group of ro-
tations in Euclidean 3D space, and (P, P ′) ∈ Ω2 an arbi-
trary pair of identical hard particles. The mathematical
definition of the excluded volume manifold Ωexc which
may not be penetrated by particle P ′ in any configura-
tion due to the presence of P reads as
Ωexc =
{
r ∈ V ∣∣∀P ′ ∈ Ω, r ∈ P ′ =⇒ P ∩ P ′ 6= ∅}.
(43)
The effective molecular volume vexc of particle P is then
defined as
vexc ≡ µ(Ωexc), (44)
with µ the standard Lebesgue measure for subsets of R3.
It is easy to show that vexc satisfies vexc ≥ v, which re-
flects the smaller volume available to non-convex parti-
cles with respect to their convex counterparts at given
density ρ, and therefore accounts for the higher osmotic
pressures obtained in numerical simulations for the for-
mer systems. Varga and Szalai96 thus proposed to assign
this effective molecular volume to the volume of the ref-
erence hard-sphere particles,
vref = vexc (45)
which yields the so-called modified Parsons-Lee (MPL)
approximation for hard non-convex particles.
A general numerical scheme to compute this effective
volume for arbitrary particle models may then be ob-
tained by discretising V into a mesh of size Nx×Ny×Nz
and evaluating the excluded volume manifold Ωexc by MC
sampling, similarly to the integration procedure outlined
above. Assuming the first particle P to be fixed at the
origin of the reference frame, this process amounts to
generating a number N of uncorrelated configurations
for particle P ′ by drawing random center-of-mass posi-
tions r′ ∈ V and particle orientations R′ ∈ SO(3), and
checking P and P ′ for hard overlaps. In the absence of
any such overlaps, all the mesh points contained within
the generated configuration for particle P ′ are guaran-
teed to lie outside of the excluded volume manifold, and
may therefore be pruned.
This algorithm thus enables one to efficiently obtain
a discretised representation of Ωexc for a wide range of
particle models, with a numerical precision determined
by both the chosen mesh resolution and the number of
MC steps used. The corresponding reference volume vref
may finally be determined from Eqs. (44) and (45) as the
sum of the volumes of all mesh points comprising Ωexc at
the end of the calculation.
All effective excluded volumes used in this paper were
computed employing a cuboidal integration box of size
V = Lx × Ly × Lz; Lx, Ly and Lz were chosen to yield
the minimal volume containing all possible overlapping
configurations of two particles, prescribing the center of
mass of the reference particle P to the origin and its
long axis to ez. The mesh dimensions were then set to
Nx×Ny×Nz = 150×150×1500 and a numberN = 1×108
of random sampling steps was used, yielding a statistical
dispersion of less than 1% for all computed values of vref
and ensuring a negligible dependence on varying mesh
resolutions.
III. RESULTS & DISCUSSION
We now illustrate the versatility of our method by de-
termining the nematic and cholesteric phase properties
of a variety of mesogenic particles, both chiral and achi-
ral, in the (modified) Parsons-Lee approximation. An
interesting first test system to assess its reliability is pro-
vided by the coarse-grained helical particle model first
introduced in Ref. 97, and subsequently studied exten-
sively using both direct computer simulations97,98 and
different theoretical approaches.54,56,57,97 Such particles
are defined as chains of Ns fused hard spheres of radii σ
placed along a helical backbone of microscopic pitch p,
radius r and contour length l, thus allowing for tunable
levels of shape chirality and non-convexity, as illustrated
in Fig. 2. Similarly to these previous investigations, we
here restrict our study to particles with a right-handed
symmetry, and use the shorthand rapblc to refer to helices
with microscopic radius r = a, pitch p = b and contour
9length l = c in units of σ.
A. The isotropic-cholesteric phase transition
We start by applying our approach to the determi-
nation of the isotropic-to-cholesteric phase transition for
some of the hard helices above. We first aim to charac-
terise the onset of local nematic order in such systems,
and leave the description of the longer-range cholesteric
structures arising from particle chirality to Sec. III C.99
We quantify the degree of local alignment through the
usual nematic order parameter1
S(ρ) = 4pi2
ˆ pi
0
dθ× sin θ3 cos
2 θ − 1
2
×ψ(ρ)eq (cos θ). (46)
The binodal points delimiting the stability ranges of the
isotropic and nematic phases can be worked out from
the osmotic pressure Π and chemical potential µ of the
system, which in our case take the form
βΠ(ρ) = −∂βF0
∂V
∣∣∣∣
N,T
= ρ×
{
1 +
b∞2
v
ηeff − η2eff/2
(1− ηeff)3
}
,
(47)
βµ(ρ) =
∂βF0
∂N
∣∣∣∣
V,T
= log η − Σ + ρb∞2
8− 9ηeff + 3η2eff
4(1− ηeff)3
(48)
with F0 the undistorted free energy (Eq. (28)), Σ the
rotational entropy per particle,
Σ(ρ) = −4pi2
ˆ pi
0
dθ × sin θ log
{
ψ(ρ)eq (cos θ)
}
ψ(ρ)eq (cos θ),
(49)
and b∞2 the angle-averaged second virial coefficient
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b∞2 (ρ) =
¨ pi
0
dθ1dθ2 × sin θ1 sin θ2 × E∞(θ1, θ2)
× ψ(ρ)eq (cos θ1)ψ(ρ)eq (cos θ2).
(50)
The binodal coexistence concentrations can then be ob-
tained by equating Eqs. (47) and (48) in the two phases
and solving the resulting set of coupled equations via a
relaxed multivariate Newton-Raphson scheme,100 using
the uniform limit of the ODF for the isotropic phase,
ψiso(cos θ) =
1
8pi2
∀θ ∈ [0, pi[. (51)
Some results of our model, specifically the osmotic
pressures and nematic order parameters, are summarised
in Fig. 2 for different hard helices, including the limiting
case of an achiral linear chain of hard spheres (LCHS) for
r = 0. We note that the pressures predicted by our ap-
proach are found to be in significantly better agreement
with simulation data than those obtained by the theory
of Ref. 97 in both the cholesteric and isotropic phases
FIG. 2. Nematic order parameter S and rescaled osmotic
pressure Π∗ = Π × [1 + 50r2/(pσ)] as a function of particle
volume fraction η for a selection of hard helices with Ns = 15
and l = 10σ. Solid lines correspond to the results of this work,
while symbols and dashed lines represent the simulation and
theory data reported in Ref. 97, respectively. Unfilled sym-
bols denote metastable state points not fully characterised by
simulations. The colored areas delimit the ranges of I-N coex-
istence for the different particle models as computed by our
approach. Note that for consistency with Ref. 97, nematic
order parameters are reported for homogeneous single-phase
systems, and their discontinuities thus mark the location of
the nematic spinodals. All results were obtained by averaging
over 32 independent runs using NMC = 1 × 1011 integration
steps each, and numerical dispersion was found to be negligi-
ble at all densities.
for all helices considered. This is because this previous
approach assumed the effective molecular volumes vexc
of the particles to be given by those of the corresponding
LCHS systems with equal contour lengths, for which ana-
lytical expressions have been derived.96 This approxima-
tion therefore neglects the contributions of the non-linear
molecular backbones to the overall shape non-convexity
of the helices, and thus leads to sizeable underestimates
of the associated osmotic pressures. These effects may
however be accounted for by using the general procedure
outlined in Sec. II D to work out the full effective molec-
ular volume of each of the chosen particles; the results
of both approaches are found to be virtually identical in
the case of the LCHS system, for which our numerical
excluded volume converges to the analytical expression
of Ref. 96.
Interestingly, we also remark that the quantitative
agreement of the MPL theory with simulation results in
terms of the nematic order parameter S is somewhat less
convincing, and that the inclusion of the full molecular
excluded volume does conversely not lead to systematic
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improvements for the prediction of the I-N coexistence
range. This observation seemingly mirrors the findings
of Ref. 96 for systems of long LCHS’s; however, while
the MPL treatment was in that case reported to lead to
a significant overestimate of the nematic transition den-
sity, our results for r.2p2 helices rather underestimate this
quantity with respect to the simulation data of Ref. 97.
This would appear to suggest that the influence of parti-
cle non-convexity on nematic self-assembly is highly non-
trivial, and may be too subtle to be fully captured by the
simple hard-sphere analogy of the PL approximation.
B. The Frank elastic constants
We now move on to the applications of our approach
to the microscopic calculation of the Frank elastic con-
stants, as outlined in Secs. II C and II D. The determi-
nation of the LC elastic constants from direct molecular
simulations is a notoriously challenging task, owing to the
large scale of the associated nematic fluctuations in the
weak deformation framework. Therefore, their reliable
measurement from the spatial fluctuations of the direc-
tor field requires the use of very large simulation boxes,
which leads to similar technical limitations as mentioned
for the direct simulation of cholesteric phases. We thus
expect our method to provide a general and efficient way
to work out the Frank elastic constants of a wide range
of particle models, and to assess their sensitivity to mi-
croscopic mesogen structure and thermodynamic state.
However, a consequence of these computational diffi-
culties is the scarcity of the available numerical data to
which our results may be compared, as simulation mea-
surements of the elastic constants have so far been limited
to a few state points in the phase diagram of highly sim-
plified particle models.3 We therefore only report in Fig. 3
our results in the case of hard spherocylinders with as-
pect ratios 5 ≤ x ≤ 20, for which simulation101–103 and
theoretical results from both FMT104 and DFT91 have
been reported.
We note that our data obeys K3 > K1 > K2 for all
particles studied, as expected from general mean-field
calculations for calamitic particles.105 Furthermore, our
results are found to be in reasonable quantitative agree-
ment with the predictions of FMT, although increasing
discrepancies are observed in the locations of the I-N
transition with decreasing aspect ratios; both approaches
are however in comparable agreement with the simulation
values of Frenkel and Bolhuis106 for all reported aspect
ratios. While both methods provide a good match for
the limited simulation data available for the Frank elas-
tic constants, our method predicts a significantly stronger
dependence of K1 and K2 on particle density than esti-
mated by FMT; this deserves to be investigated further,
and more extensive simulation studies involving a larger
number of state points would therefore be very useful in
enabling the assessment of the validity of the different
theoretical descriptions.101
FIG. 3. Frank elastic constants of hard spherocylinders with
different aspect ratios x = L/D, with L and D the respective
length and diameter of the particles. Solid lines correspond
to the results of this work and dashed lines to those of the
FMT of Ref. 104. In the latter case, the greyed-out dashed
lines denote state points lying outside of the predicted region
of nematic stability. The dash-dotted lines represent the DFT
results of Ref. 91 for x = 5. Symbols designate the simulation
data of Refs. 102 and 103 for x = 5, along with the simulated
values of K2 reported in Ref. 101 for x = 10. Error bars were
obtained from 16 independent runs with NMC = 1× 1010.
We also remark that our results are virtually identi-
cal to those of Somoza and Tarazona,91 who made use
of a more involved DFT approach based on a weighted-
density approximation.107 This is due to the fact that
the full DCF obtained in Ref. 91 reduces to our effective
expression Eq. (35) in the functional subspace of Eq. (4),
and therefore leads to an equivalent description of ne-
matic director fluctuations in the framework of Sec. II C.
We finally note for the sake of completeness that other re-
sults using different variants of DFT have been reported
for these systems,108,109 but are not reproduced here due
to their wide dispersion. We further expect the results of
FMT, which corresponds to the most sophisticated an-
alytical effort to date in the microscopic description of
hard-particle LCs,110 to provide the most reliable theo-
retical benchmark currently available for the validation
of our approach in this case.
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C. The cholesteric pitch of hard helices
We finally turn our focus to larger length scales by
comparing the cholesteric pitches computed using our
method against those reported by previous microscopic
theories54,57 in order to assess its reliability in predict-
ing the emergence of cholesteric structures at the macro-
scopic scale. In keeping with the discussions of Sec. III A,
we begin by assessing the dependence of the pitch on the
inclusion of particle non-convexity in the MPL approxi-
mation. We thus compare in Fig. 4 the results obtained
using for vref both an analytical expression
97 of the real
particle volume v and the effective molecular volume vexc
computed using the procedure of Sec. II D for different
hard helices.
FIG. 4. Influence of the MPL theory on the equilibrium pitch
of hard helices with Ns = 15 and l = 10σ. P∗ corresponds to
the equilibrium pitch at the isotropic-cholesteric transition as
predicted by the MPL theory. The solid lines correspond to
the results of our MPL approach, and the dashed lines to those
of the original PL approximation. Error bars were evaluated
from 32 independent runs with NMC = 5× 1010, and are only
reported for the MPL results. Note that the diverging pitch
for helices with r = 0.2σ and p = 2σ denotes a cholesteric in-
version from left to right-handedness with increasing particle
concentrations.
We note that the MPL theory does not qualitatively
alter the cholesteric behaviour of the systems, and mostly
shifts the density dependence of the pitch to lower parti-
cle concentrations owing to the smaller volume available
to non-convex mesogens. We however emphasise that
this effect may lead to significant differences in the hand-
edness and magnitude of the predicted pitches at given
particle density, contrary to the suggestion of Ref. 54; this
is due to the fact that the Parsons-Lee prefactor GPL im-
plicitly affects the equilibrium ODF (Eq. (29)) involved
in the calculations of K2 and kt, even though its contri-
bution to the effective DCF (Eq. (35)) explicitly cancels
out at all densities in the ratio of these two quantities
(Eq. (41)).
We further remark that the results of Sec. III A point to
potential deficiencies in the description of the local order
parameters — and thus the equilibrium ODFs — worked
out by both formulations of the PL approximation for
hard helices, which may in turn hinder the reliability of
the macroscopic pitches reported by this and previous
density functional investigations of these systems; the
magnitude of this effect is difficult to assess systemati-
cally in the absence of more extensive simulation studies
of their nematic and cholesteric behaviour. In order to
consistently compare our results with Refs. 54, 56, and
57, and thus critically assess the effects of our perturba-
tive approach and numerical integration techniques, we
choose in the following to restrict ourselves to the canon-
ical form of the Parsons-Lee theory.
Firstly, we compare our results against those pre-
dicted by the full-functional approach of Ref. 56 for
weakly chiral systems — corresponding to large equilib-
rium cholesteric pitches. Fig. 5 summarises our results
in terms of the equilibrium cholesteric wavenumber qeq
in the case of hard helices with equal microscopic pitch
and radius but different contour lengths, for which large
equilibrium pitches |Peq| & 500σ have been reported.57
We obtain excellent agreement between the two meth-
ods throughout the whole cholesteric stability range of
all particles studied, providing quantitative evidence of
the validity of the perturbative treatment of chirality for
these systems. We further note that the computational
cost of our method is roughly two orders of magnitude
lower than that of our implementation of Ref. 56, thanks
to its use of the full angle-dependant virial coefficient
(Eq. (13)) instead of its more expensive, pitch-dependent
projections on a finite basis of Legendre polynomials.
We compare in Table I the predictions of our approach
to those of Refs. 57 and 54 for a variety of helices at the
onset of cholesteric stability. The macroscopic pitches
computed by our method are found to be within 15% of
those reported by Ref. 57 for all particles studied, with
the larger relative discrepancies generally corresponding
to the shorter pitches, i.e. the more strongly twisted
phases. This observation is fully consistent with the lim-
itations of our weak deformation framework, and is fur-
ther discussed in the next paragraphs.
The correspondence between our results and those of
Ref. 54 is somewhat more tenuous, especially for larger
values of Peq — a fact all the more puzzling given that
both our approaches are based on the same perturbative
description of the cholesteric phase. These differences
may most likely be attributed to finite-order truncation
effects in the Wigner matrix expansions introduced in
Refs. 52 and 54 for the computation ofK2 and kt, as small
discrepancies in these two coefficients may lead to signif-
icant variations of the corresponding equilibrium pitch
Eq. (41) in the weak chirality limit. We therefore expect
our method, which allows for the calculation of all rele-
vant quantities with a tuneable degree of precision and
obviates further numerical approximations, to be more
reliable in these cases.
We finally investigate the validity of our perturbative
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FIG. 5. Equilibrium cholesteric wavenumber qeq = 2pi/Peq
for hard helices with r = 0.4σ, p = 3σ and various contour
lengths l and numbers of beads Ns = 3l/(2σ). Solid lines
represent the results of this work, and symbols those obtained
using our own implementation of Ref. 56. Error bars were
computed from 32 independent runs with NMC = 5 × 1010,
and are only reported for the results of our method.
TABLE I. Comparison of this work, Ref. 57 and Ref. 54 for
hard helices with Ns = 15 and l = 10σ at the isotropic-
cholesteric transition. |∆P| /Peq represents the relative differ-
ence between the equilibrium pitch predicted by our method
and those reported in the references above, normalised by our
value. Our results were obtained by averaging over 8 inde-
pendent runs with NMC = 5× 1011; numerical dispersion was
found to be below 5% for all computed pitches, and smaller
than the last significant digit for all other variables.
r.2p2 r.2p4 r.2p8 r.4p2 r.4p4 r.4p8
η
(%)
here 30.7 28.1 26.5 41.2 35.0 29.2
Ref. 57 30.0 27.4 25.8 40.3 34.0 28.2
S
here 0.704 0.684 0.696 0.629 0.632 0.621
Ref. 57 0.699 0.677 0.690 0.612 0.622 0.619
Ref. 54 0.64 0.66 0.68 0.60 0.61 0.61
−104 × kt
(kbT/σ
2)
here 4.12 52.1 46.0 -11.6 130 139
Ref. 57 4.27 47.3 42.3 -10.7 110 115
Ref. 54 4.83 41.36 29.03 -3.83 98.35 110.13
K2
(kbT/σ)
here 0.201 0.197 0.207 0.170 0.167 0.181
Ref. 57 0.199 0.194 0.203 0.160 0.150 0.136
Ref. 54 0.154 0.177 0.184 0.153 0.152 0.159
Peq
(σ)
here -3065 -238 -283 921 -81 -82
Ref. 57 -2990 -260 -310 965 -93 -90
Ref. 54 -2008 -268 -399 2509 -97 -90
|∆P| /Peq
(%)
Ref. 57 2.45 9.24 9.54 4.78 14.8 9.76
Ref. 54 34.5 12.6 41.0 172 19.8 9.76
treatment in the limit of strong chirality in Fig. 6 by
focusing on systems for which the predicted cholesteric
pitches are of the order of a few dozen particle diameters,
corresponding to the shortest values reported in Ref. 57.
Quantitative agreement with the full-functional descrip-
tion of Ref. 56 is still found to be very satisfactory, which
indicates that the effects of the low-order q-expansion of
the free energy (Eq. (40)) and of the change in local or-
der induced by the cholesteric twist are both of limited
consequence for the systems studied.
We nevertheless note that the original framework of
Ref. 56 also relies on the assumption of local phase uni-
axiality (Eq. (4)), and therefore still qualifies as a weak-
deformation account of cholesteric order. A theoretical
route to incorporate the deviations from local cylindrical
symmetry induced by macroscopic twist in the approach
of Ref. 56 has subsequently been outlined by Allen,111
but has to our knowledge not yet been implemented in
numerical studies. These effects are however only ex-
pected to be substantial in the limit of short pitches,112
and may therefore be of limited practical relevance for
the study of most experimentally-realistic systems.
Conversely, it is well known that chiral mesogens are
intrinsically biaxial, and that particle interactions at the
microscale may thus give rise to an additional level of
biaxial organisation in cholesterics beyond this simple
phase-induced symmetry breaking.113,114 In this bottom-
up picture, the cholesteric pitch of the system is also ex-
pected to be strongly contingent on its degree of local
biaxial order, leading to a generally intricate causal rela-
tionship between phase chirality and biaxiality.115 Con-
sequently, the use of a uniaxial ansatz for the local de-
scription of a cholesteric LC may result in a significant
underestimation of its equilibrium pitch. This applies to
all studies discussed in this section, and may therefore
hamper the reliability of the methods described therein
even in the limit of weak deformations. Extending the
current density functional framework to explicitly include
long-range biaxial correlations would allow for a direct
and systematic investigation of the link between particle
and phase biaxiality, and of its macroscopic effects on
cholesteric behaviour.
D. Soft threaded rods: towards more realistic particle
models
We finally remark that our method does not rely on
any assumptions as to the nature of the microscopic in-
teraction potential U in Eq. (11), and is therefore appli-
cable to any short-range particle potential in the pair-
wise additive approximation. While the previous sec-
tions focused on the case of pure steric repulsion, more
experimentally-realistic particle models are likely to in-
volve additional contributions from electrostatic and/or
dispersion interactions.116 Following Ref. 51, we now con-
sider a system of hard spherocylinders of length L and
diameter D decorated with a helical charge distribution
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FIG. 6. Equilibrium pitch in the limit of strong chirality
for diverse hard helices with Ns = 15 and l = 10σ. Lines,
symbols and error bars are defined as in Fig. 5.
of microscopic pitch p located at their surface. To mimic
a uniform linear distribution, we discretise the charges
in a number Np of identical interaction sites uniformly
spread along the helical thread. The full pair interaction
energy of two particles P1 and P2 then reads as
U(r12,R1,R2) =

+∞ if P1 ∩ P2 6= ∅(
L
Np
)2 Np∑
i,j=1
u(rij) if P1 ∩ P2 = ∅
,
where the set intersection sign denotes the potential over-
lap region of the hard spherocylinders, and u represents
the electrostatic interaction potential per unit particle
length.51 rij then corresponds to the distance between
interaction sites i ∈ P1 and j ∈ P2, which implicitly de-
pends on the center-of-mass separation vector r12 and
respective orientations R1,R2 of the two particles. Fol-
lowing Ref. 51, we choose to account for electrostatic
repulsion in the Debye-Hu¨ckel formalism, introducing a
finite cutoff distance rc for computational efficiency,
βu(r) =
u0 ×
exp(−r/λD)
r
if r ≤ rc
0 if r > rc
with λD the Debye length of the system. In the following,
we set the cutoff length to rc = 10λD and number of
patches to Np = 50, which we verified to yield negligible
truncation and discretisation effects for our results, and
use u0 = 1/D for consistency with the values of Ref. 51.
Our numerical approach then enables us to directly
investigate the validity of the framework of Ref. 51, in
which a similar perturbative description was used, but
where a number of approximations were introduced to
work out the full pair interaction potential U and Frank
parameters K2 and kt semi-analytically for this particle
model.50 For consistency with the approach used therein,
we now revert to the original form of the Onsager theory
and thus set GPL = 1 for the rest of this section. The
comparison of the equilibrium pitches predicted by our
method to those reported in Ref. 51 is then summarised
in Fig. 7 for helical charge distributions with a variety of
microscopic pitches.
FIG. 7. Absolute equilibrium pitch versus nematic order pa-
rameter for spherocylinders with aspect ratio L/D = 50, De-
bye length λD = L/20 and helical charge distributions of vary-
ing pitches p. Solid lines denote the results of this work, and
dashed lines the data reported in Ref. 51. All pitches pre-
dicted by our method are left-handed, while those of Ref. 51
are right-handed at lower densities with a potential handed-
ness inversion at higher particle concentrations. Error bars
obtained from 8 independent runs with NMC = 2.5× 1011.
We observe no evidence of qualitative agreement in
terms of either magnitude or handedness of the predicted
pitches for any of the particles studied, despite the com-
mon use of the Onsager-Straley theoretical basis in both
our approaches. Furthermore, we find that the inclusion
of electrostatic repulsion moves the isotropic-cholesteric
transition to lower volume fractions than in the case of
purely steric interactions, with the onset of cholesteric
order for all systems considered occurring at η ' 2%
compared to the simulation value of η ' 7% obtained
for hard spherocylinders with L/D = 50.106 This effect
is consistent with the findings of Ref. 117 for uniformly-
charged rods in the Onsager framework, but contrasts
with the higher value η ' 10% reported in Ref. 51. The
origin of these discrepancies most likely lies in some of
the simplifying assumptions introduced in Refs. 50 and
51 to obtain tractable expressions for all microscopic in-
tegrals of the form of Eqs. (13) and (32). The magnitude
of the resulting disparities illustrates the difficulty of de-
riving reliable analytical approximations in microscopic
descriptions of the cholesteric phase, due to the strong
dependence of such systems on the fine structural and
thermodynamic properties of their constituent particles.
We also note that a number of simulation re-
sults on closely related systems have recently been
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reported.101,118,119 However, the first of these studies101
focused on fairly short spherocylinders in a regime of
large Debye lengths, leading to effective particle aspect
ratios too low to be accurately described by Onsager-
like theories,117 while the other two118,119 introduced an
explicit dependence of the pair potential U on particle
density, which as discussed in Sec. II D requires signif-
icantly higher computational costs to be probed using
our method. We nevertheless remark that Refs. 118 and
119 also found that the onset of cholesteric organisation
was shifted to significantly lower volume fractions by the
effects of electrostatic repulsion.
IV. CONCLUSION
We have described a novel density functional method
to systematically investigate the link between micro-
scopic structure and macroscopic liquid-crystalline prop-
erties in chiral and achiral uniaxial nematic phases. The
use of numerical integration to work-out generalised virial
coefficients greatly improves its applicability and relia-
bility over that of previous analytical approaches, while
the implementation of Straley’s perturbative framework
reduces its computational cost to a fraction of that of
Ref. 56 for cholesteric systems. It furthermore circum-
vents the need for the partial decomposition of the den-
sity field in a basis of rotational invariants, which greatly
increases its tractability over that of previous numerical
descriptions.52,54,56,57
The Frank elastic constants computed by our model
for hard spherocylinders are found to be consistent with
previous numerical and theoretical investigations, while
its predictions for the cholesteric pitch of hard helices are
in excellent quantitative agreement with those obtained
by Ref. 57 for all systems studied. The latter confirms
that the additional “weak chirality” assumptions intro-
duced by the perturbative approach are not particularly
limiting, and still work well down to surprisingly short
pitch lengths. We further reiterate that experimental ly-
otropic cholesterics typically have pitches that are very
large compared to the particle diameters, and are there-
fore expected to be fully amenable to such a treatment.
However, we wish to highlight that there are a num-
ber of key approximations in most implementations of the
density functional theory of cholesterics that we feel could
potentially limit its quantitative accuracy, and need fur-
ther consideration. Firstly, there are potential deficien-
cies in the Parsons-Lee rescaling in the case of strongly
non-convex mesogens for the prediction of the onset of
nematic order, which are not obviously improved upon
by modifying the theory to account for the real effective
molecular volume of the particles. This likely points to
the need for a more sophisticated description of inter-
particle correlations in these cases, following the con-
siderations of Sec. II B. We note that an approach in-
volving the explicit third-order virial contribution to the
excess free energy was also implemented with some suc-
cess for such systems, albeit under stringent symmetry
assumptions.120,121 It would be interesting to investi-
gate whether its generalisation to configurations of freely-
rotating particles may lead to significant improvements
over the MPL approximation in our case.
Secondly, there is the assumption of local uniaxial-
ity, and we wish to further emphasise the potential im-
portance of long-range biaxial correlations in systems of
chiral mesogens. The explicit angle dependence of our
excluded volume integrals provides a natural framework
for the introduction of phase biaxiality, which may shed
some light on the systematic underestimations of the
cholesteric twist obtained by density functional methods
in previous studies.47,122 The explicit account of biaxial
order will also represent a first step towards the descrip-
tion of more complex chiral nematic phases beyond the
cholesteric symmetry, such as the so-called twist-bend123
and screw-like98 nematic phases. However, recent studies
suggest that the accurate treatment of the former may re-
quire a microscopic theory of nematic elasticities beyond
the perturbative Poniewierski-Stecki framework,124 while
the coupling between orientational and translational de-
grees of freedom of the latter would call for further mod-
ifications of our symmetry assumptions.98 Thus, in our
opinion, significant efforts are still required to achieve a
unified field-theoretical description of the chiral nematic
state.
Hence, we stress that numerical simulations of simple
cholesteric model systems along the lines of Refs. 101,
119, and 122 are of particular importance to allow the
quantitative validity of these different approximations to
be probed. However, the determination of cholesteric
pitches in these previous studies relies on rather involved
numerical procedures, and their degree of mutual con-
sistency remains largely unascertained due to their focus
on different particle models and parameter ranges. We
therefore hope that this paper will stimulate further in-
vestigations of the respective reliabilities of these differ-
ent methods, and generate a reference set of data suitable
for the thorough assessment of density functional descrip-
tions of the cholesteric phase.
We finally point out that the use of Monte-Carlo tech-
niques for the computation of all microscopic integrals
further allows for the simple treatment of non-rigid par-
ticle models, e.g. by drawing mesogen configurations
from an ensemble of representative structures at every
integration step as part of the random sampling pro-
cess. This will enable us to directly investigate the influ-
ence of particle flexibility on phase chirality, an issue so
far largely unexplored despite its essential experimental
relevance.16,125
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